THE UNIQUENESS OF SOLUTIONS OF
THE HEAT EQUATION IN AN INFINITE STRIP

BY
VICTOR L. SHAPIRO(*)

1. Introduction. We shall say u(x, t) is a solution of the heat equation in the
strip 0<t<c if u(x, ¢) is in class C? in this strip and if u,,(x, t) =u(x, t) for every
point (x, t) of this strip. We shall designate the fundamental solution of the heat
equation for >0 by k(x, t)=(4nt) /2 exp [ — x2/4¢] and shall prove in this paper
the following theorem:

THEOREM 1. Let u(x, t) be a solution of the heat equation in the strip 0<t<c.
Suppose that

(i) |u(x, t)| S e(2) exp [ex?]t =1 for 0<t<c where o is a positive constant and
&(t) is bounded for 0<t<c and e(t)=o0(1) as t — 0;

(ii) lim sup,_, |u(x, t)| is finite-valued except possibly for a countable set E;

(iii) lim inf, o u(x, t) =u«(x) is in L' on every compact subset of (—o0, 0©0);

(iv) there exist positive constants K and B such that |U(x)| < K exp [Bx?] where
Ux)=[3 [§ us(z) dz dy;

(v) liminf,_, tY2u(x, t)=0 for x in E.
Then

u(x, t) = on kix—y, )U(y)dy for 0 < t < min [c, (48)"'].

As a corollary to Theorem 1, we get the following uniqueness theorem for
solutions of the heat equation’ stated in a more conventional form:

THEOREM 2. Let u(x, t) be a solution of the heat equation in the strip 0<t<c.
Suppose that

@ |u(x, t)| Se(t) exp [ax?]t ~1 for 0<t<c where « is a positive constant and
&(t) is bounded for 0<t<c and «(t)=0(1) as t — 0;

(i) lim sup,-, |u(x, t)| is finite-valued except possibly for a countable set E;

(iii) lim inf,_ o u(x, ) =u(x) is in L' on (—o0, ©);

(iv) lim inf,_ t*%u(x, t)=0 for x in E.
Then u(x, t)=[",, k(x—y, t)usx(y) dy for 0<t<c.
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To see that Theorem 2 is indeed a corollary to Theorem 1, choose ¢, such that
0 <ty <c. Then we need only show the conclusion of Theorem 2 holds in the strip
0<t<ty Now if ug(x) is in L! on (—o0, o0), then U(x) defined in (iv) of Theorem 1
is such that |U(x)| £ K:|x| £ K, exp [x%/4t,] where K, and K, are constants.
Consequently, given (i), (ii), (iii), and (iv) of Theorem 2, we have by Theorem 3 that

u(x, t) = f ki(x—y, YU(y) dy for0 < ¢ < t,.

Now, fixing x in this equality, observing that ok(x—y, t)/ot= 0% (x—y, t)/0y? for
t>0, and integrating by parts twice in the above integral, we obtain that

u(x, t) = f " kGi—y, () dy  for0 <t <t

which establishes Theorem 2.

Now both Theorems 1 and 2 were motivated by Theorem 3 to be stated below.
The interesting fact concerning Theorem 3 is that each of the three conditions
comprising its hypothesis can be shown to be in a certain sense best possible.

For >0, we define |u(x, )| »=SUp_w<x<« |4(x, £)| and state Theorem 3 as
follows:

THEOREM 3. Let u(x, t) be a solution of the heat equation in the strip 0< t<c and
be bounded in every substrip of the form 0<t,<t<c. Suppose that

@ Julx, )| o=0("*) as t —O0;

(i) lim;, u(x, t)=0 except possibly for a countable set E;

(iii) lim inf; o #Y2u(x, t)=0 for every x in E.
Then u(x, t) is identically zero in the strip 0<t<c.

We see that Theorem 3 is an immediate corollary of Theorem 2. To show that
each of three conditions in the hypothesis of Theorem 3 is in a certain sense best
possible we first note that both

k(x, t) = (4nt)~ Y2 exp [— x?/4¢]
and

ka(x, 1) = —(4x1213%)~1x exp [— x2/dt]

are solutions of the heat equation in every strip of the form 0<¢<c¢ and both are
bounded in any substrip of the form 0<¢,<t<c.

To show that the conclusion of Theorem 3 does not hold if (i) is weakened by
replacing “o” by “0,” we observe that |k,(x, t)|.=0( 1) as ¢t — 0. Further-
more k,(x, t) meets (ii) and (iii) since lim,_ ¢ k,(x, ) =0 for every x. We conclude
that condition (i) as stated is in a certain sense best possible.



328 V. L. SHAPIRO [November

To show that (ii) of Theorem 3 cannot be weakened by replacing ‘“except
possibly for a countable set E” by ““except possibly for an uncountable Borel set
E of measure zero,” we observe that if £ is an uncountable Borel set, then there
exists a bounded perfect set Z< E [1, p. 205] of measure zero. Consequently, there
exists a continuous (i.e., nonatomic) probability measure p with its support con-
tained in Z [2, p. 101].

We set

1) u(x, 1) = f:, k(x—y, 1) du(y)  fort > 0,

and observe that u(x, t) is a solution of the heat equation for ¢>0 and is bounded
in every substrip of the form 0 < ¢, <¢<o0. Also we see that lim,_, u(x, ¢t)=0 for x
not in Z and, therefore, that lim,_, u(x, t)=0 for x not in E.

To show that u(x, t) meets conditions (i) and (iii), we set ¢(y)=[ €"*¥ du(x)
and observe that

R
oR = [ B0 dy = oR)  as R—>co
[8, p. 261]. It follows from (1) that

u(x, 1) = 2m)~? f " $yexp[-yrlemirdy  fort >0,

and consequently that
Jutx, D)l < @0 [ @2yt exp [—y1dy = o %) ast—o0.
We conclude that u(x, t) meets both conditions (i) and (iii) and, since
f:’ u(x,t)dx =1 fort > 0,

that condition (ii) as stated is in a certain sense best possible.

To show that condition (iii) of Theorem 3 cannot be weakened to read ‘“for
every x in E but one,” we observe that ||k(x, t)|| . =0(t "*) as t — 0, lim;_, k(x, 1)=0
for x#0, lim,., t*%k(0, t)=(47)~*2+£0, and, therefore, that condition (iii) as
stated is in a certain sense best possible.

We shall prove Theorem 1 in this paper, but before proceeding to the proof let
us observe first that Theorem 1 contains the classical Tychonoff theorem on the
uniqueness of solutions of the heat equation in an infinite strip, [6, p. 88] or [5, p.
206]. However, Theorem 1 neither contains nor is contained in the uniqueness
theorems due to Tacklind [4] and Widder [6]. For further comments concerning
the uniqueness of solutions of the heat equation in an infinite strip, see the intro-
duction of the last mentioned paper.
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Theorem 1 above was motivated by the author’s previous result concerning the
uniqueness of functions harmonic in the interior of the unit disc [3]. It was also
motivated by the classical theory of trigonometric series, in particular Chapter 9
of [7]. A number of lemmas to be proved in the sequel will have their trigono-
metric analogues either in [3], [7], or in [8]. However, in the sequel, the theory of
trigonometric series will not be used in any explicit manner.

2. A sketch of the proof of a special case of Theorem 3. Before proceeding to
the statements and proofs of the various lemmas involved in the proof of Theorem
1, we shall give a sketch of the proof of a special case of Theorem 3 based on
these lemmas. This sketch will enable the reader to understand a number of the
technical difficulties that will arise in the proof of Theorem 1.

We shall sketch the proof of Theorem 3 in the special case when E is the empty
set in (ii), i.e., when (ii) is replaced by (ii’) where

(i) lim,., u(x, t)=0 for every x.

To show that u(x, t)=0 in the strip 0<?<c, it is sufficient to show that u(x, £)=0
in the strip 0<¢<t; where 0<¢, <c. In order to do this, we set for 0<z<t,,

t x
Flx, 1) = — f, " u(x, s) ds+ fo L * wz, 1)) dz dy,

and observe that F(x, t) is a solution of the heat equation in the strip 0<t<¢,.
We furthermore observe that there is a constant K, such that

|F(x, )| £ Ki(x2+1)t 12

for 0<t<t, and —o0<x<o0. Also, it follows from (ii") that lim,_, F(x, t)=F(x)
exists and is finite for every x. If we can show that F(x) is a linear function, it will
follow from Lemma 14 that F(x, t) is independent of ¢ for 0<z<¢,;, and conse-
quently that

0 = Fyx,t) = u(x, t) for0 <t < t,.

So this special case of Theorem 3 will be established once it is shown that F(x)
is a linear function.

To show that F(x) is a linear function it is sufficient to show that F(x) is a con-
tinuous function, for it follows from (32) of Lemma 10 that if F(x) is continuous
for a<x<b then

DiF(x) < 0 = D*?*F(x) fora < x < b,

and consequently by Lemma 5 that F(x) is a linear function for a<x<b.

We let Z designate the set of discontinuities of F(x). It follows from the Baire
category theory (in particular from [7, (i) of Theorem 12.3, p. 29] or from [3,
Lemma 4, p. 645]), and from (ii") (see the proof of Theorem 1 for the details)
that Z is a nowhere dense set on the real line.
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Next, we observe from the proof of Lemma 11 that u,(x, t) is bounded in any
substrip of the form 0<#,<t<c and furthermore that ||u.(x, t)|.=0(t ~32) as
t — 0. Consequently, on choosing a ¢, such that 0<#,<t; and setting

ty x
G(x,t) = —J; F.(x, s) ds+fo F(y, t,) dy for0 <t < t,,

we have by Lemma 12 that lim,., G(x, t)=G(x) exists and is continuous on
(—o0, ). We furthermore have from Lemma 12 that G(x) is smooth on (—o0, 00).
(Smoothness is the crucial notion in this paper and is defined on [7, p. 43]. See
also [7, p. 375].) Also, it follows from Lemma 12 that if F(x) is continuous in
a<x<b then dG(x)/dx exists and equals F(x).

Now we already know that if F(x) is continuous in a finite interval a<x <5,
then F(x) is linear in this interval. Consequently, it follows from the remarks of the
preceding paragraph and the last statement in Lemma 12 that

if F(x) is continuous in the finite open interval (a, b),
it is continuous in the closed interval [a, b].

But then it follows immediately that the nowhere dense set Z can have no
isolated points and consequently that Z is a perfect nowhere dense set.

We use the Baire category theory once again, i.e., [7, (i) of Theorem 12.3,
p. 29] or [3, Lemma 4, p. 645], and obtain that if Z is nonempty, then there exists
an open interval J such that JZ#0 and such that F is a continuous function when
restricted to the set JZ. But we already know that F is linear in each open interval
contiguous to Z and is continuous in the closure of each open interval contiguous
to Z. We consequently conclude after an elementary argument that F is a con-
tinuous function in the open interval J. But then JZ is the empty set, and we have
arrived at a contradiction. Consequently, Z must be empty.

We conclude that F(x) is continuous on the real line, and therefore F(x) is a
linear function on the real line. As we have shown earlier, this fact completes the
sketch to the proof of the theorem under consideration.

3. Fundamental lemmas. We take as Lemma 1 the following lemma which is
essentially a corollary to Tychonoff’s uniqueness theorem [6, p. 88] or [5, p. 206].

LEmMMA 1. Let u(x, t) be a solution of the heat equation in the strip 0<t<c.
Suppose that

@) |u(x, )| <Kexp [ex?] for O<t<c
where K and « are positive constants;

(ii) lim,_, u(x, t)=0 uniformly on compact subsets of (—o0, ).
Then u(x, t) is identically zero in the strip 0<t<c.
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If F(x) is a function in L' in a neighborhood of the point x, (though not necessarily
finite-valued in this neighborhood), we shall set

h
D**F(x7) = lim sup [(2}:)-1 f F(xo+%) dx—F(xo)] / h26-1
- -h
with D% F(x,) designating the corresponding lim inf. It is clear that if F(x) is in
class C2 in a neighborhood of x, and F"(x)=d?F(x)/dx? then
DiF(xo) = D**F(xo) = F"(xo).

The first lemma that we prove is the following:

LEMMA 2. Let F(x) be a finite-valued measurable function defined on (—o0, c0)
satisfying the condition |F(x)| £ K exp [ax?] where K and « are positive constants.
For 0<t<(4e)~%, set F(x, t)=[", k(x—y, t)F(y) dy. Define

A*F(x) = lin;l s(}Jp [F(x, t)—F(x)]/t
and let Ay F(x) designate the corresponding lim inf. Then at each point x,, for which
lim,_, o F(x,, t)=F(x,), the following inequalities hold
2 D3F(x,) = AxF(xo) = A*F(xo) = D*?*F(xo).

It is clear that all of the inequalities in (2) will be established once the first
inequality in (2) is established. Furthermore, it is clear that to establish the first
inequality in (2), we need only establish it in the special case x,=0, i.e., (2) will be
established once we show that lim,., F(0, t) = F(0) implies that

3 D3F(0) < AF(0).

If D2F(0)= —oo, (3) is established. We can therefore suppose that D3F(0)>g.
(3) will be established if we can show that

@ AxF(0) 2 q.
We now establish (4). First choose 8 such that for 0<h <3,
h
f [F(x)— F(0)] dx > g3~ 1.
-h
Then for 0 << (4e)™2,

(5) [FO, 1)—FO)]/t = (4mt®)-1/2 fo * [F()+ F(—x)— 2F(0)] exp [— x2/4t] dx.

Since

19 [ exp [(w—1/4)x"] dx >0 as 10,
[4
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we conclude from (5) after integrating by parts that

]
AF0) = ¢ lirgl iglf f 3-1x3x(2t) ! exp [—x?/4t] dx|(4mt®) /2
ind V]

= 8qf x* exp [—x?] dx/[3='/2
(V]
=
which fact establishes (4) and consequently the lemma.

LeEMMA 3. Let F(x) be a function in L* in (—o0, o). For t>0, set
Foo 1) = [ o=y, DF) .

Then at each point x, for which lim,_q F(x,, t)=F(x,) (where F(x,) is finite or
infinite), the following inequalities hold:

D3F(xo) < AxF(xo) < A*F(xo) £ D**F(x,),
where Ay F(x,) and A*F(x,) are defined as in Lemma 2.

If F(x,) is infinite, the proof of this lemma is immediate. If F(x,) is finite, the
proof of this lemma is the same as the proof of Lemma 2 except that we use the
additional fact

132 f |F(x)+ F(—x)| exp [—x2/4t] dx < t =32~ /4 f ) |F(x)| dx
6 (-}

= o(1) ast—>0.

LEMMA 4. Let F(x) be a finite-valued function defined on the interval (—oo, c0)
satisfying the condition |F(x)| < K exp [ax?] where K and « are positive constants.
For 0<t<(4ex)~1, set F(x, t)= f f’m k(x—y; )F(y) dy. Suppose F(x) is a polynomial
of degree 2n—1,n21, in the open interval (a, b). Then lim;_, O"F(x, t)[0t"=0
uniformly in every compact subinterval of (a, b).

Leta<a' <b'<banda' —a> 8 and b—b' > & where 8>0. Then for 0< < (4e)~?,

©) F(x, )]0t = f _: Flx—y)(@°k(y, 1)[0t™) dy.

Also, for a’ < x < b’ there exists a constant K’ such that |F(x—y)| £ K’ exp [2«y?].
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Since both integrals
© -6
|7 exp aylienkty, yort dy and [ exp ey, ryjert] dy
] - o0

tend to zero as ¢t — 0, we conclude from (6) that to show "F(x, t)/ot™ — 0 as
t — 0 uniformly for a’ < x <b’, we need only show that

[
©) %irglf F(x—y)(o"k(y, t)|ot™) dy = 0, uniformly fora’ = x £ b'.
nd -d

By hypothesis, F(x)=>?"5* a,x’ in the interval (a, b) where each q, is a constant
for j=O0,...,2n—1. Consequently, F(x—y)=>%"5'a,(x—y) for a'<x<b’ and
—8=y= 8 F urthermore, for >0, o"k(y, t)[0t"=0%"k(y, t)/0y*. We conclude (7)
will follow, once we show

é

®8) %m; y 0% k(y, t)|oy**dy =0 forj=0,...,2n—1.

Observing that y* o™k(y, t)/oy™|,-s—0 as t—0 for i and m nonnegative
integers, we conclude after integrating by parts j times that the integral in (8) is
equal to

©) oW+ (=1t [ m-ik(y, njoynt ay.

But 0<j<2n—1. Consequently, the integral in (9) is also o(1) as t —0; (8) is
established, and the proof of the lemma is complete.

We shall say that the function F(x) is upper semi-continuous in the open interval
(a, b) if —c0 £ F(x)< oo for every x in (g, b) and if lim sup, ., , F(y) < F(x) for every
x in (a, b). We shall say that F(x) is lower semi-continuous in (g, b) if — F(x) is
upper semi-continuous in (a, b).

If Z is a perfect set and Z(a, b) is nonempty, F is upper semi-continuous on the
set Z(a, b) will be defined in a similar manner.

We next state a useful lemma concerning upper semi-continuous functions.

LEMMA 5. Suppose that F(x) is upper semi-continuous (but not necessarily finite-
valued) in the open interval (a, b) and in L* on every compact subset of (a, b). Suppose
also that

(i) D*?F(x)z0 in (a, b)— E, where E, is a countable set contained in (a, b);

(ii) lim sups_o+ [(2h)~* [, F(x+y) dy—F(x)]/h20 for x in E,.

Then F(x) is convex in (a, b).

The proof of this lemma is very similar to that given in [7, Lemma 3.20, p. 328],
and we therefore omit it.

We next prove the following lemma which is a variant (and in one sense only
an improvement) over [7, Lemma 3.23, p. 329].
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LEMMA 6. Let H(x) be continuous and let F(x) be upper semi-continuous in the
open interval (a, b). Also, let E, be a countable set contained in (a, b). Suppose that

(i) F(x) is finite-valued in (a, b)—E;;

(ii) F(x) is L' on every compact subset of (a, b);

(iii) DZH(x)<F(x)< D*2H(x) for x in (a, b)—E;;

) lim supy.o4 [(2)~ [, H(x+y) dy— H(x)]/hz0

2 liminf,.o [(2R) -1 [* , H(x+y)dy— H(x)|/H for x in E,.
Then if a<a’ <b’' <b, there exist constants A and B such that

(10) H(x) = fx Jw F(z)dzdy+Ax+B  fora' < x 2D

To prove the lemma, we set
x My
an M(x) = H(x)— f f Fo)dzdy forad < x<V,
a Ja’
and observe that M(x) is continuous in the closed interval [a’, b']. Furthermore, the
upper semi-continuity of F implies that D*2 [ [¥ F(z) dz dy < F(x) for a’<x<b'.
Consequently, we obtain from (11), (i) and (iii) that

(12) D**M(x) 2 D**H(x)— D** f ¥ f " F)dzdy 2 0

for x in (@', b')— E,(a’, b'). Also, it follows from (ii) and (iv) that

li;gggp [(Zh)"1 ﬁh M(x+y) dy—-M(x)] / hz0

for x in E,. We conclude from this last fact, (12), and Lemma 5 that

M(x) is convex in the open interval (a’, b’) and
continuous in the closed interval [a’, b'].

(13)

Next, using the upper semi-continuity of F once again, we choose a sequence of
functions, {F,(x)}>-1, which enjoy the following three properties:

14 F,(x) is continuous on [a’, '] forn =1, 2,....

(15) F(x) 2 Foui(x) 2 F(x) forn=1,2,....

(16) lim F(x) = F(x) fora’ £ x = b'.
A

an We set M,(x) = H(x)— f f F()dzdy, n=12,...,
a’ Ja’

and observe from (14), (15), and (ii) that
(18) DiM,(x) = DiH(x)—F,(x) £0 for xin (a, b')—E(d’, b").
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Consequently, we conclude from (iv), (18) and Lemma 5 that for each n,

(19) — M ,(x) is convex on the open interval (a’, b")
and continuous on the closed interval [a’, b].

But then it follows from (11), (14), (15), (16), and (17) that

lim — M, (x) = —M(x) fora’ £ x =¥,

and consequently from (19) that
— M(x) is convex on the open interval (@', b’).
The conclusion to the lemma, namely (10), follows from this last fact, (11) and

(13).

LEMMA 7. Let F(x) be in L* on (—o0, ), and for t>0, set

Foo 1) = [ kx=3, OF) dy.

Suppose that

(i) F(x) is finite-valued in a neighborhood of x,;

(i) lim,_o F(xo, 1) =F(xo);

(iii) lim,_o [F(xo+h)+ F(xo—h)—2F(x,)]/h*=v where v is finite.
Then lim,.,o OF(x,, t)/0t=v.

With no loss in generality, we can take x,=0, F(0)=0, and »=0.
The lemma will be established if we can show given >0,

(20) lintm sup |0F(0, t)/ot| < 6e.
To establish (20), we choose 6 >0 such that

@n |[F(»)+F(-y)| = e* for|y| < 8.
Next, we observe that for >0,

FQO,1) = fo " FO)+ F(= )k, 1) dy,

and consequently since F is in L' on (—o0, o) and sups<y |k«(y, t)|=0(1) as
t— 0, that

oF0, 0for = [[ kiy, OIFG)+F(-»] dy+o(1)
= [[ k0 D)+ FC=2 dy-+o(D.
We conclude from (21) that

@2) 10RO, 1jot] 5 ¢ [ y2lkn(y, Dl dy+oD.
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But then it follows from (22) that (20) will be established once we show that
d
@) tim sup [ y?lkn(3, )l dy 5 6.
ind [}

We establish (23) by first observing that
kyy(y, t) = (4n'2t312)=1 exp [~ y?[4t][y?[2¢—1].

Consequently, we obtain that for 0<(2¢)'2 <3,

J (2t)1/2 8

[ a0ty = = [ pentn ydy+ [ e, 1) .

0 o (at)
After integrating by parts several times, we then obtain that the expression on the
left in (23) is majorized by

1 +1irtn gup—4tk,,[(2t)1'2, t]-l-lil‘[tl sup 4(2¢)12k[(2¢)"2, t].

But this expression is in turn majorized by 1+1+4; (23) is therefore established,
and the proof to the lemma is complete.

LeEMMA 8. Let F(x) be in L on (—o0, o) and for t>0, set
Foo 1) = [ k=3, OF0) .
Suppose that lim,_, o F(xo, t)=F(x,) is finite. Then the following inequalities hold:

h
lim inf [(2h)- ! f F(xo+) dx—F(xo)] / h
(2 4) h—0+ -h
S 27 fim sup 117 0F(x, 1)1

p h
fim sup [(2h) -1 f Fxo+%) dx— F(xo)] / h
(2 5) h—=0+ ~h
2 2712 lim inf 112 OF(xo, )01,

With no loss in generality, we can assume x,=0. We also note that once (24) is
established, (25) follows immediately. We shall prove (24).
From the extended law of the mean, we obtain that

F(0, t)— F(0)

pav 2,1/2£%0t,_1) where 0 < 5 < ¢,

t=3s
and consequently that

(26) lim sup [F(0, 1)~ F@): = < lim sup 211 2F(0, 1)[or.
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If the expression on the left side of the inequality in (24) is —oo, the inequality in
(24) holds. Let us suppose therefore that

@7 lim inf [(2h)-1 J :. F(x) dx—F(O)] / h>gq
where ¢ is finite. Then it follows from (26) that (24) holds once we show that
(28) lirﬁ. sup [F(0, t)— F(0)]t ~12 = q4n 12,
Using (27) choose >0 such that
f: [F(O)+ F(—x)—2F(0)] dx > 2gh*  for 0 < h < 8.

Now from this last fact and the fact that —k,(x, ) =0 for x =0, we obtain after
integrating by parts that for >0,

[F(0, t)—F(0)]t ~/2 = ¢ ~1/2 on [F(x)+ F(—x)—2F(0)]k(x, t) dx
29) "
= 2qt‘1’2f x2[—k,(x, t)] dx+o(1)

An easy computation shows that

I/
lim 2¢ ~1/2 f X[ —k(x, 1)] dx = dm=172,
(1]

t—-0

But then (28) follows from (29), and the proof to the lemma is complete.

LEMMA 9. Let F(x) be in L' on (—o0, o0) and for t>0, set

Fe 1) = [ kx=y, 0F() dy.

Suppose that lim,_,, F(x,, t)=F(x,) is finite. Then the following inequalities hold:

DiF(xo) < lir:l sup oF(x,, t)/ot and
-0

(30) .
D*2F(x,) = liI{l 10nf 0F(x,, t)/ot.

For ¢>0, we obtain from the mean-value theorem that
[F(xo, t)— F(x0)Jt =1 = 0F(xy, 1)[0t|ss, O<s<t
Consequently, the following inequalities obtain

lim inf 8F(xo, 1)/0t < AyF(x) < A*F(xo) < lim sup 8F(x,, 1)/ot.
t—-0 t—0

But then (30) follows immediately from these inequalities and Lemma 3.
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We next come to one of the key lemmas of this paper.

LemMA 10. Let u(x, t) be a solution of the heat equation in the strip 0<t<c. Let
0<t,<cand for 0<t<ty, set F(x, )= —[}* u(x, s) ds+[J [¥ u(z, t,) dz dy. Suppose
that

(1) |u(x, 1)| Se(t)e***t~* for 0<t<c where o is a positive constant and (t) is
bounded for 0<t<c and «(t)=o0(1) as t - 0;

(i) F(x)=lim,., F(x, t) exists (not necessarily finite) for a<x<b;

(iii) F(x) is upper semi-continuous for a<x<b;

(iv) F(x) is finite-valued for x in (a, b)— E, where E; is a countable set contained

in (a, b).
Then
@31 F(x) is in L* on every compact subset of (a, b);
32) if F(x,) is finite where a < x, < b,
lirtr{. gnf u(xo, t) < D*2F(x,) and lintl_‘s(}lp u(xo, t) = DIF(x,);
33) if F(x,) is finite where a < x, < b,

h
lim inf [(211)-1 f F(xo+%) dx—F(xo)] / h < 2-1a2 lim sup £*u(x,, )
-h t—-0

h—-0+

and

h
lim sup |24 f Flxo+%) dx—F(xo)] /h 2 278 lim inf 1%u(xe, 1);
-h -

h—-0+

if F(x) is finite-valued in a neighborhood of the point x, where
(34 a < xo < bandiflim,_ o [F(xo+h)+ F(xo—h)—2F(x,)]/h% = v where
v is finite, lim,_, ¢ u(xo, t) = v;

if F(x) is continuous for a" < x < b” wherea < a" < b" < b,

35) ,lirf,l F(x, t) = F(x)
uniformly on compact subsets of (a”, b").

We first observe that F(x, t) is a solution of the heat equation in the strip0<¢<c,
and furthermore there exist a positive constant X’ and a nonnegative bounded
function e,(¢) with e,(¢)=0(1) as ¢t — 0 such that

(36) |F(x, t)| < ey(t)e**|log t Y| +K'e**(x2+1)  for0 < t < t,.

Next, we choose 7, with 0< ;< ¢, and set for 0<z<{,,

G7) Hex, f) = — J: “ Fix, ) ds+ fo ¥ ﬁ " Pz, t,) dz db.
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We observe, once again, that H(x, t) is a solution of the heat equation for
0<t<t, and that by (36) there exists a constant K” such that

(38) |H(x, t)| £ K" exp [2ex?] for0 < t < ¢,
We also obtain from (36) and (37) that

39) }inol H(x,t) = H(x) uniformly on compact subsets of (—o0, c0)
where
ty % [V
(40) H(x) = — f F(x, s) ds+ j f Flz, tp) dz dy.
o V] 1]
It follows from (38), (39), and Lemma 1 that
@4l) H(x,t) = Jw k(x—y, t)H(y) dy for 0 < ¢t < min [¢t;, (8) 1]

It follows from (37) and (40) and from (ii) of the lemma that

(42) A*H(x) = AyH(x) = F(x) fora<x < b.
But then we obtain from (38), (39), (41), (42), and Lemma 2 that
(43) DZH(x) £ F(x) £ D**H(x) fora < x < b.

We next show that
h
@4 lim [(2h)-1 f H(x+y) dy—H(x)] / h=0 forxin(—o,c0).
- -n

We need only establish (44) for a fixed x;.
It is clear that (44) will be established for x; if we show
44) H(x,+h)+ H(x;—h)—2H(x;) = o(h) ash—0.
Now the left side of the equality in (44’) is equal to
[H(x,+h)— H(x, +h, h%)]+ [H(x,—h)— H(x,—h, h?)]
“ —2[H(x,)— H(x1, h®)]+[H(x,+h, h?)+ H(x, —h, h?)—2H(x,, h?)].

That the first three terms in (44”) are o(h) as h — 0 follows immediately from
(36), (37), (40) and the fact that

n2
f llogt| di = o(k)  as h—0.
1]
By (37), the last expression in (44") for 0 <A%< ¢, is given by
t,
@47 - fh ? [FCer+hy $)+ FCry — b, 5) = 2F(x,, )] ds-+ O(h?),

since F(x, t;) is a continuous function of x.
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We conclude that (44") will be established (and consequently (44)) if we show that
the integral in (44") is o(h) as h — 0.

The fact that F(x, s) is in class C2 for s fixed and O<s<#, and the fact that
0%F(x, 5)/0x®=u(x, s) implies from (i) of the lemma that

|F(xxy+h, 5)+ F(x,—h, §)—2F(xy, s)| < K"h%s~?
forO0<s<t,and0 < A% < ¢,

where K” is a constant.

We conclude from this last fact that the integral in (44") is o(h) as h— 0 and
consequently that (44) is established.

To obtain (31) in the conclusion of the lemma, let a <a, <b, <b. Then since by
(iv) of the lemma F(x) is not identically —oo in (a,, b,), it follows from (iii) of the
lemma that F(x) takes a finite maximum in [a,, b;] which we designate by M.
Therefore by (43), Di[H(x)— Mx?/2]=DiH(x)—M =<0 for x in (a,, b;). Con-
sequently, since H(x) is continuous in (a;, b,) by (39), we obtain that Mx?/2— H(x)
is a convex function in (a,, b,). But then from [7, p. 328] we obtain that for almost
every x in (a,, b;)

’l‘in; [H(x+h)+ H(x—h)—2H(x)]/h? exists and is finite

and furthermore this limit represents a function which is in L on every compact
subset of (a;, by).

We conclude from this fact that DZH(x)=D*2H(x) almost everywhere in
(a;, b,) and represents a function which is in L! on every compact subset of (a;, b,).
But then we obtain immediately from (43) that F(x) is in L' on every compact
subset of (a;, b;), which fact establishes (31).

To establish (32), (33), (34), and (35), let

(45) a<ad <a" <a"<xo<b"<b"<b <b

where F(a')# —oo and F(b")# —oo.

Take A(x) to be a nonnegative continuous function where A(x)=1 for "< x<b",
0<A(x)=1fora'<x<b’', and A(x)=0 for —co<x=a’ and b'<x<o00.

Next we set

Fi(x) = M(x)F(x) fora < x < ¥,
46
(46) =0 for —o0o < x £ad’ and b’ £ x < o0.

It then follows from (iii) of the lemma, (31), (45), and (46) that F;(x) is an upper
semi-continuous function which is in L! on (—o0, c0) and that F;(x) vanishes out-
side of a finite interval.
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We set Fy(x, t)=[", k(x—y, t)Fy(y) dy for t>0 and observe that Fy(x, ) is a
solution of the heat equation for #>0. Also we observe that

@7 |Fi(x, )] < Kit~Y2  for t > 0 where K, is a constant
and that
8) f T R(x, )—-Fix)| dx—0  as 0.

With ¢, as in (37), we set for 0<t<t,
t X v

49) #x0 = - [P R+ [ [ R bz,
t 0 0

and observe from (47) that
(50) |Hy(x, 1)] £ Ka(x?+1)  for 0 < t < t, where K is a constant.

We also observe that H,(x, t) is a solution of the heat equation for 0<z<t,
and from (47) that

(€2)) %m(} Hy(x,t) = Hy(x) uniformly on (—o0, 00) where

t X v
(52) Hy(x) = — j ® Fylx, 5) ds+ f f Fi(z, t,) dz dy.
0 V] 0
But then it follows from (50), (51), and Lemma 1 that
(53) Hy(x, £) = f ° k(x—y, OH,()dy  for0 < 1 < 1.

Next, we observe from (49) that for 0<t<1,.
02Hy(x, t)[ox® = oH,(x, t)[ot = Fy(x, t).

Consequently, with a” as in (45), we have that

(54) Hy(x, 1) = f j f " Fi(z, 1) dz dy+ A(t)x+ B(1)

where A(z) and B(¢) are continuous functions of ¢ in the interval 0<z<t,.
From (48), we obtain that for each fixed x,

(55) lim f j J' " Fie, 1) dz dy = f ) f’ Fy(2) dz dy.

t=0

But then it follows from (52), (54), and (55) that there are constants 4, and B;
such that lim,_ ¢ A(¢)=4; and lim,.,, B(t)=B,. We conclude from (52), (54), and
(55) that

X v
(56) Hy(%) = f f Fi(z) dz dy+ A, + B,
a” Ja*
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On the other hand, it follows from (39), (43), (44), (iii) and (iv) of the lemma,
(31), and Lemma 6 that

x v
(57) H(x) = f f FZ)dzdy+Ax+B fora" < x < b’
where A and B are constants.
Next, we set
Hy(x,t) = H(x, t)— Hy(x, t) for0 <t < ¢,
(58)

Hy(x) = H(x)— Hy(x)
and conclude from (41) and (53) that

(59)  Ha(x, t) = f_“ k(x—y, )Hy(y)dy  for 0 < ¢ < min [t5, (8¢)~1].

We furthermore conclude from (46), (56), and (57) that
(60) Hy(x) is a linear function for x in [a”, b"].

We also conclude from (38), (39), (50), and (51) that there exists a constant
K; such that |Hy(x)| < K; exp [20x?]. But then it follows from (45), (59), (60),
and Lemma 4 that both

61) lirg 0Hy(x, t)[ot = 0 uniformly for ¢” = x < b";
t—
(62) }irgl 02Hy(x, t)[0t? = uniformly for a” < x < b".

However, from (37), (49), and (58), we obtain that dH,(x, t)/0t=F(x, t)— Fy(x, t)
for 0<t<1,. We consequently conclude from (61) and (62) that

(63) F(x, t)—Fi(x,t)—>0 as t — 0 uniformly for a” = x < b";
(64) OF(x, t)]ot—oF,(x, t)/ot — 0 as t — 0 uniformly for " = x < b".

We recall that
(65) Fi(x, 1) = J ° kx—y, OF(y)dy  fort> 0

where Fy(x) is in L! on (—o0, o0).
To establish (32) and (33), we have by hypothesis in both situations that

(66) }ing F(xo, t) = F(xo) where F(x,) is finite.

But then we obtain from (45), (46), (63), and (66) that
67 lting Fy(xo, t) = Fi(xo) where F;(x,) is finite.
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However, (65), (67), and Lemma 9 give us that

D2F(x,) < lintl_‘soup 0F,(x,, t)/ot and

(68) .
D**Fy(xo) Z lim inf 0F;(xo, £)/01.

Now it follows from (45) and (46) that
(69) D2F(x,) = DiF(x,) and D*2F;(x,) = D*?F(x,).
On the other hand, it follows from (45) and (64) that
lir?_’ionf 0F(x,, t)|0t = lintl_‘iglf oF;(x,, t)/0t,

70)
¢ lil'{l sup OF(x,, t)/0t = lir? sup OF(x,, t)/ot.

Also, it follows from the definition of F(x,, ¢) that
7) OF (xo, t)/0t = u(xo, t) for0 <t < t,.
But then (68), (69), and (71) give us that

DZF(x,) = lintl sup u(x,, t) and
(72 .
D*2F(x,) = hr{l 1gnf u(xo, t).

Therefore, (32) is established.
To establish (33), we obtain from (45), (64), and (71) that

lim sup /2 9F;(x,, t)/0t = lim sup t*%u(x,, t),
t—0 t—0

73
) lim inf £12 OFy(xo, 1)/0t = lim inf 2u(xo, 1).
- t—

On the other hand, it follows from (65), (67), and Lemma 8 that

lim inf [(zh)-1 f fh Fi(xo+%) dx—Fl(xo)] / h

h—-0+

=< 271742 lim sup tY2 0F;(x,, t)/0t,
(74) t-0

timsup [28)* [ Ry +0) de— Fitxo)] [

= 271712 lirP ionf 12 9F (x,, t)/0t.

343

(33) then follows immediately from (73), (74), and the fact that F(x)=F;(x)

in a neighborhood of the point x,.
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To establish (34), we have from (ii) of the lemma, (45), (46), (63), and the
hypothesis of (34) that

lim,..¢ Fi(x, t) = F;(x) in a neighborhood of the point x,,
75) Fy(x) is finite-valued in a neighborhood of the point x,, and
limy, .o [F1(xo+h) + Fi(xo—h) — 2F;(xo)]/h* = v where v is finite.

We then obtain from (65), (75), and Lemma 7 that

(76) lirr.} OF;(xo, t)[0t = v.

But then it follows immediately from (45), (64), (71), and (76) that
lim u(x,, t) = v,
t—0

which fact establishes (34).
To establish (35), it is sufficient by (45) to show

an ltin% F(x,t) = F(x) uniformly for a” < x < b".

Now, it follows from (46) and the hypothesis of (35) that F;(x) is continuous for
a"<x<b". It then follows from (65) and well-known facts that

(78) }ir{)l Fi(x, t) = Fi(x) uniformly for a” < x £ b".

But then (77) follows immediately from (63), (78), and that F;(x)=F(x) for
a"<x=b". Consequently, (35) is established, and the proof to Lemma 10 is
complete.

LemMMA 11. Let u(x, t) be a solution of the heat equation in the strip 0<t<c.
Suppose that

|u(x, t)| £ e(t)exp [ax?t~t  forO<t<c

where o is a positive constant and £(t) is bounded for 0<t<c and (t)=o0(1) as
t — 0. Then there exists t, with 0<t, <c such that

|un(x, t)| £ e(2) exp [2ax%]t732  forO0 <t < t,

where e,(t) is bounded for 0<t<t, and & (t)=0(1) as t - 0.

We first observe from Lemma 1 that for 0<z<c¢ and 0 <s<min [c—?, (4a)~1],

(19) (X, 1+5) = f " u(y, Dkux—, 5) dy.
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Choose t, such that 0 <2z, <min [c, (8«)~]. Then from (79) and the hypothesis
of the lemma, we obtain that there exists a constant K such that

|ux(x, t+5)]|
(80) < Ke(t) exp [20x%]t -1 f

@©

exp [2(«—1/16s)y%]y exp [—y?/8s]s~%/2 dy

for0 <s<tyand 0 < ¢ < ¢,.
But then (80) implies

(Bl)  |ux(x, t+5)| = Kye(t) exp [2ax?]t ~1s~1/2 for0 <s<t,and 0 < t < ¢,

where K is a constant.
Setting s=t¢ in (81), we obtain

82) Ju(x, 2t)] < Kie(t) exp [2ex2]t =32 for 0 < t < .
The conclusion to Lemma 11 follows immediately from (82).

We shall say that G is smooth at the point x if G(x) is defined and finite in a
neighborhood of x and if

83) }llirré [G(x+h)+G(x—h)—2G(x)]/h = 0.

We shall say that a function G is smooth on (—o0, 0) if it is smooth at every point
x. Smoothness is a crucial notion to this paper and will be established for the
function G which we shall introduce in Lemma 12. For further theorems concerning

smoothness, sée [7, pp. 43 and 44].
If G is defined and finite in a neighborhood of the point x, we shall set

D-G(x) = lil‘{l sup [G(x+h)— G(x—h)]/2h.

D _G(x) will designate the corresponding lim inf.
We next prove the following lemma which is basic to this paper.

LEMMA 12. Under the same hypothesis as Lemma 11, let t, be as in the conclusion
of Lemma 11. Set F(x, )= — [} u(x, s) ds+[3 [¥ u(z, t,) dz dy for 0<t<t,. Next,
choose t, such that 0<t,<t, and set

G4 G 1) = — J: “ Fx, 5) ds+ fo “F,t)dy  forO<t<ty
Then there exists a continuous function G(x) defined on (—o0, o) such that
85) 11_{13 G(x, t)=G(x) uniformly on compact subsets of (—, );
(86) G(x) is smooth on (—0, ©);

D_G(x) = lir?_'iglf F(x,1t) = lintl_.s(}lp F(x,t) = D-G(x)

tY)
for every x in (—o0, 00).
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To prove the lemma, we first observe that for 0<z<¢,,
t X
(88) Fio 1) = = [ uatx, ) dst [ ur, 1) dy.
t 0

Consequently, it follows from the conclusion of Lemma 11 that
(89) |Fu(x, t)| S ex(t) exp [2ex?]t ~Y2+ K, exp [2ex?](|x| +1) for0 <z < 1y,

where K, is a positive constant and e,(¢) is a nonnegative bounded function for
O<t<t, and ex(¢)=0(1) as t — 0.
We set

90) 609 = — [ Fuon ) ds+ [ Fy ) dy

and observe from (89) that G(x) is well defined on (—o0, o). Furthermore, it
follows from (84) and (89) that lim,.,, G(x, t)=G(x) uniformly on compact subsets
of (—o0, ). Consequently, G(x) is a continuous function, and also (85) is
established.

To establish (86), fix x, and select a 8§ with 0< 8 <32, Then for 0<h <3,

G(xo+H)+G(xo—h)—2G(x0) = G(xo+h, h2)+G(xo—h, k)
—2G(xo, 1) +[G(xo+h)— G(xo+h, h?)]
+[G(xo— 1) — G(xo—h, h?)]+2[G(xo, h?)— G(xo)]-

We conclude from (83) that to show G is smooth at x, and consequently on
(—o0, ), we need only establish

1 }lim [G(x, X)) —G(x)]/h =0 uniformly for |[x—x,| < 8,
-0

and

92) G(xo+h, h?)+G(xo—h, h?)—2G(xo, h%) = o(h) as h—0.

To show that (91) holds, we observe from (84) and (90) that
h2
Ger -6 = [ Fulx,9)ds,
(1]

and consequently from (89) that there exists a constant K, such that

h2

©93) |G, B)—G)| < KQU eqls)s~ 12 ds+h2] for [x—xo| < 8.
0

(91) follows immediately from (93).
To establish (92), we observe from (84) that the expression on the left side of
the equality in (92) is given by

— [[2 1oy )+ Fulo—hy )= 2Fu(xe, 9] ds
oy .
+ [[ PO +y, 1= Fxo—, 1] dy.
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Now, F(x, t,) is a continuous function of x. Consequently, the second integral
in (94) is o(h) as h — 0. Therefore, to establish (92), it remains to show that the
first integral in (94) is o(k) as h — 0. We now do this.

We obtain from (88) and the fact that u(x, t) is a solution of the heat equation
that for O0<s<1,,

Fx(xo +h’ S) + Fx(xo - h9 S) - 2Fx(x0’ S)

- - " [uxCeo -+ hy £)+ 15060 — by F) = 2u(x0, PY] d
+ " (ko +, 1) —u(xo—y, )] dy
¢y ( (R
= _J; {J; [uxx(xo"l'ya r)_uxx(xo 5 I')] dy} dr
+ " (ko +, 1) —u(ro—y, 1] dy
0

= J.: [u(xo+y, 5)—u(xo—y, 5)] ds
_ f: U”“" u(x, ) dx| ds.

X —Y
We conclude from Lemma 11 and this last fact that

(95) |Fx(xo+h, )+ F(xo—h, $)—2F(x0, 5)| < ea(s)h%5~%2 for0 < s < ¢y,
where e3(s) is bounded for 0 <s<1?, and £5(s)=o0(1) as s - 0.
Consequently, it follows from (95) that the absolute value of the first integral
in (94) is majorized by
K2o(1) J “snds = o(h)  ash—>0.
h
(92) is therefore established, and consequently (86) is established.

To establish (87), we first observe from (84) and (89) that there exists a constant
K; such that

(96) |G(x, t)| < Kzexp [3ex?] for0 < t < t,.
Since G(x, t) is a solution of the heat equation for 0 < ¢ < ¢,, we conclude from (96),
(85), and Lemma 1 that
) G(x,t) = f k(x—y, t)G(y) dy for 0 < ¢ < min [t,, 1/12«].

To establish (87), we need only show that the first inequality in (87) holds. We
now establish this first inequality by showing that for a fixed x,,

(98) D_G(xo) < lim inf F(xo, 1).
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If D_G(x,)= —0, (98) is established. Let us assume therefore that
D_G(xy) > g > —oo.
If we can show

(99) lll’? lglf F(an t) g q,

(98) will be established.
To obtain (99), we observe from (84) that for 0<t<t,, G.(x,?)=F(x,t) and
consequently obtain from (97) that for 0 <¢<min [¢,, 1/12«]

Foo 1) = [ k=3, 60) dy
(100)

= |7 6txa=)(0k(y, 1105 .

Now, since by assumption, D _G(x,)>g, we can choose & such that
(101) G(xo+h)—G(xo—h) > 2gh  for0 < h < 8.
From (85) and (96), |G(»)| < K5 exp [3ay?]. Therefore,

-0 ©
{2+ [ ookt otes) ay = oty ast—>o0,
- [

and we conclude from (100) that for 0 <¢<min [z;, 1/12«],

Ftor 1) = [ Glxo=3)oK(y, 1/09) dy+o(0).

But ok(y, t)/oy is an odd function of y and we obtain from this last fact that for
¢t small,

a101)  F(xo, 1) = f: [G(x0+y) — G(xo—y)I[— k(y, t)[0y] dy+o(1).

Observing that for y >0, — 0k(y, t)/dy >0, we obtain from (101) that the integral
on the right in (101’) majorizes

2 [[ y1-ok(y, fey1 dy = 20 - 3k(s, 0+ [ k0, 1) ]

We conclude from this last fact and (101°) that (99) holds. Thus (87) is established
and the proof to Lemma 12 is complete.

LeEMMA 13. Under the same hypothesis as Lemma 12, suppose that in addition
(i) liminf,., t*%u(x, t)=0 for a<x<b;
(ii) lim,., F(x, t)=F(x) exists and is finite for a<x<b;
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(iii) there exists a function U(x) in class C* on (—o0, o) such that F(x)— U(x) is
convex for a<x<b.
Then

(102) dF(x)|dx = F'(x) exists and is continuous for a < x < b,
and

(103) D_F'(x) = lirtn %nfu(x, t) lirP %up u(x,t) £ D"F'(x) fora<x<b.

With G(x, t) defined by (84), G(x) defined by (90), and the fact that k(x, ?)
satisfies the heat equation for #>0, we obtain from (97) that there is a #3>0 such
that for O<t<t,

(104 Gusls 1) = [~ GO eanslx =7, 1) d.

Now for 0<t<t,, we obtain from (84) and the hypothesis of Lemma 12 that
Gy(x, t)=F,(x, t) and therefore, that G,.(x, t)=F,.(x, t)=u(x, t). We conclude
from (104) that

(105) u(x, t) = on G(x—y)(3k(y, t)/oy®) dy for0 <t < t3.

Next with F(x) defined by (ii) of the lemma, we set for a<x<b,

(106) D~F(x) = lim sup [F(x-+h)— F(x))/h.

Since F(x)— U(x) is a convex function for a < x <b, and letting U’(x) =dU(x)/dx,
it follows from [7, p. 22] that D~ F(x)— U’(x) is a nondecreasing function in the
open interval (g, b), that D~ F(x) is bounded on every compact subset of (a, b),
and that F(x) is absolutely continuous on every compact subset of (a, b) with a
Radon-Nikodym derivative equal to D~ F(x). Consequently to establish (102),
it is sufficient to show that D~ F(x) is a continuous function in (a, b).

Let x, be a fixed point with a < x, <b. We conclude from the above paragraph
and the fact that U’(x) is continuous that (102) will be established if we show

(107) lim inf [D~F(xo+y) — D~ F(xo—)] S 0.
y-0+

Choose >0 such that
(108) a < x,—8 < Xy < Xo+8 < b.

Then since F(x) is continuous in the interval (g, b) it follows from (ii) of the
present lemma and (35) in the conclusion of Lemma 10 that

(109) lting F(x,t) = F(x) uniformly for x,—8& < x < x,+3.
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From (84) and the fact that F(x, ¢) satisfies the heat equation for 0 <7< #,, we have
that G.(x, t)=F(x, t) for 0<t<t,. But then G(x, t)—G(x,—8, t) =f;° _sF(y,t)dy
for 0<t<t, and x,—8 S x = x,+ 8. We conclude from (109) and (85) that

(110)  G(x)—G(xg—3) = f: FO)dy  forxe—8 S x S xo+d.
-
Consequently, it follows from (105), (110), (85), and (96) that for 0<t<t3,
o, 1) = [ Glra=)@H(r, 0/85%) dy+o(D)
(1 ~ [ Fo-yXek0y, 010y dy+o1)

- j j,, F(xo+y)(@%k(y, t)[2y?) dy+o(1).

Now, as mentioned earlier, F(x) is absolutely continuous on [x,—38, x,+ 8]
with Radon-Nikodym derivative D~F(x). We conclude from the fact that
ok(y, t)/oy is odd and nonpositive for y =0 and from (111) that for 0<z<1#,

ey 1) = [ D Fxot )= 3K(y, /o] dy+o()
(112) ;
= [ 1D~ Ftxu +3) ~ D~ Flx = l[— k(3. /2y dy+o(1).

Suppose (107) does not hold. Then there exists >0 and §; with 0<8,<8
such that
(113) [D~F(xo+y)— D~ F(xo—y)] > q for0 < y < 8;.

But then we conclude from (112), (113), and the fact that D~ F(x) is bounded
for —8<x—x,<3 that
o, ) 2 4 [ 1=k, Dfoy) dy+ol)

2 gk(0, t)+o(1).
But then we obtain from (114) that
lir& %nf tY2y(xo, t) = q(4m)~12 > 0,

(114)

which contradicts (i) of the lemma. Consequently, (107) is true and (102) is
established.
We now know D~ F(x)=F'(x) for a< x <b. We shall establish (103) by showing

(115) lir? sup u(xo, t) = D~ F'(x,)

where, as above, a<x,—8<x,+8<b. A similar argument will establish the first
inequality in (103).
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From (112), we have for 0<z<t,
(116) u(xo, t) = J; ’ [F'(xo+y)— F'(xo—»)I[—0k(y, t)/0y] dy+o(1).

If D~ F'(x,)= +00, (115) is established. Suppose then that D~ F'(x,) < M < +o00.
(115) will be established if we can show

117) lir? %up u(xo, t) = M.

We choose 8, >0 and 0< 8, <6 such that
(118) F'(xo+y)—F'(xo—y) < 2My for0 <y < 8.

Then it follows from the fact that F'(x) is bounded in [x,— 8, x, + 8], from (116),
and from (118) that for 0<t<1;

xe, 1) S 2M [ L= 0k(, )/o9] dy+ o)
61
<2M J; k(y, £) dy+o(1).

But then
lim sup u(%o, #) S 2M lim sup f k(y, 1) dy = M.
- - 0

(117) is established; and the proof to (103) and, consequently, the lemma is
complete.

LeMMA 14. Let u(x, t) be a solution of the heat equation in the strip 0<t<c.
Suppose that

(i) there exist positive constants 8, « and K such that |u(x, t)| < K exp [ex?]t ~1+¢
forO0<t<c;

(i) lim,., u(x, t)=Ax+ B where A and B are constants.
Then u(x, t)=Ax+ B for 0<t<c.

To prove the lemma, it is enough to show by Lemma 1 that there exists ¢, with
0<t, <c such that

(119) u(x,t) = Ax+B for0 <t <.

Choose a ¢, with 0<¢, <c and set

(120) F(x, 1) = — f:‘ u(x, s) ds+ fo ) J'" Wz, t,) dz dy.
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Then F(x, t) is a solution of the heat equation in the strip 0 < ¢ < ;. Furthermore,
since 8> 0, it follows from (i) of the lemma and (120) that there exists a function
F(x) which is continuous for —oo <x < oo such that

(121) }1_%1 F(x, t) = F(x) uniformly on compact subsets of (—oo, 00).

But then it follows from (i) and (ii) of the lemma, (120), (121), and (32) of
Lemma 10 that

D}F(x) £ Ax+B =< D**F(x) for —oo < x < oo.

This last fact and Lemma 6 imply that there exist constants 4, and B; such that
(122) F(x) = Ax®/6+ Bx%2+ A;x+ B, for —o0 < x < oo0.

Next for 0<t<t;, we set
(123) WV(x, t) = F(x, t)— F(x)— Axt— Bt

and obtain from (122) that V(x, ¢) is a solution of the heat equation in the strip
0<t<t,. Also, it follows from (i) of the lemma and (120) that there exists a constant
K, such that |F(x, t)| £ K, exp [2«x?] for 0<¢< ;. But then from (122) and (123)
we obtain that there exists a constant K, such that |V(x, t)| = K, exp [2ax?] for
0<t<t,. We conclude from (121), (123), and Lemma 1 that V(x, t)=0for0<t<t,
and therefore, from (123) that

(129) F(x, t) = F(x)+ Axt+ Bt for0 <t < t,.

On the other hand, from (120) we obtain that oF(x, t)/ot=u(x, t) for 0<t<t,
and consequently from (124) that

u(x,t) = Ax+B for0 <t <t.
(119) is therefore established, and the proof to Lemma 14 is complete.
LEMMA 15. Let u(x, t) be a solution of the heat equation in the strip 0<t<c.
Suppose that
(i) there exist positive constants « and K such that |u(x, t)| < K, exp [ax2]t ~1/2
forO<t<c;
(ii) lim,_ o u(x, t)=u(x) where u(x) is continuous on (—oo, ©);

(iii) there exist positive constants K, and B such that |u(x)| < K exp [Bx?].
Then

u(x, 1) = f * kGi—y, Du(y)dy  for0 < t < min [c, 48)-1].
To prove the lemma, we set

(125) uolx, 1) = j ° kx—y, u(y)dy  for0 <t < (48)-1,
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and take ?, such that 0</¢, <min [c, (48)~1]. The proof to the lemma will be
complete if we can show

(126) u(x, t) = uy(x,t) for0 < t < t,.
As is well known, the continuity of u(x) and (iii) of the lemma imply that
(127) !1_{101 uo(x, t) = u(x), —00 < X < o0.
Also, (125), (iii) of the lemma, and the fact that ¢, <(48) ! imply that there exists
positive constants K, and y such that
(128) luo(x, t)| = K, exp [yx2]e 12 for0 < t < t,.
But then on setting
(129) uy(x, t) = u(x, t)—uyx, t) for0 < t < t,,

we see from (i) of the lemma and (128) and from (ii) of the lemma and (127) that
u;(x, t) meets the conditions in the hypothesis of Lemma 14 with §=1/2 and
A=B=0. We conclude, consequently, from Lemma 14, that

(130) u(x, 1) =0 for0 < t < t,.
(129) and (130) give (126), and the proof to Lemma 15 is complete.

4. Proof of Theorem 1. To prove Theorem 1, we choose ¢, as in the conclusion
of Lemma 11 and also such that 0<#, <min [c, (48) ~*]. Next, for 0<¢<¢,, we set

t X Y
(131) Fix, 1) = — j " u(x, s) ds+ f f Wz, t,) dz dy

t 0 JO
and observe that F(x, ¢) is a solution of the heat equation for 0 <¢<t;. Further-
more, from (i) of Theorem 1, we see that there exists a constant K; such that
(132) |F(x, t)| £ K, exp [2ax?}t~Y2  for0 < t < #;.

Now, it follows from (ii) and (v) of Theorem 1 and (131) that F(x) exists for every
x where

(133) F(x) = lim F(x, 1)

and that F(x) is either finite or —oco.
If we can show, with U(x) given by (iv) of Theorem 1, that

(134) F(x) = U(x)+Ax+B for —0 < x < @

where 4 and B are constants, then the conclusion of Theorem 1 follows easily.
For using (iv) of Theorem 1, (131), (132), (133), and (134), we see that all the
conditions in the hypothesis of Lemma 15 are met and consequently that

135)  Fix,t) = f k(x—y, O[UG)+Ap+Bldy, 0<1<t,.
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Since £, <(4B) %, it follows from (iv) of Theorem 1 and (131) on applying &/o¢
to both sides of (135) that
(136) u(x, 1) = J'_: k(x—y, OUG)dy for0 <t < t,.
But using (i) and (iv) of Theorem 1 and (136), we obtain from Lemma 1 that
137 u(x,t) = J_: k(x—y, )U(y)dy  for0 < t < min [c, (48)~"]

which establishes Theorem 1.

Consequently, to prove Theorem 1 we have to establish (134). To do this, we
first prove the following fact:

(138) if F(x) is upper semi-continuous in the open interval
(a, b), then F(x)— U(x) is linear in (a, b).

We recall that our definition of upper semi-continuous does not subsume the
finiteness of F, but only that —oo < F(x) <o for a<x<b. However, we do know
from (ii) of Theorem 1 and from the definition of F(x), namely (131) and (133),
that

(138") F(x) is finite-valued in (a, b)— E(a, b).

To establish (138), we use the Vitali-Carathéodory theorem [2, p. 75] for the
function u4(x)=1lim inf,_, #(x, ¢) and obtain also using (iii) of Theorem 1 a non-
decreasing sequence of function {#,(x)};=; with the following properties:

(139) u(x) is upper semi-continuous on (—oo, c0);
(140) each u,(x) is bounded above on (—o0, ©);
(141) u(x) S u;1(x) S ux(x) for —oo < x < 0;
(142) ,I.I.T ui(x) = ux(x) almost everywhere;

if S is a compact subset of (—o0, o), #,(x) is in L on S and

(143)
lim fs (%) dx = fs un(x) dx.
Setting
(144) Ux) = J': f" ufz) dz dy,

we observe from (143) that U,(x) is continuous on (—oo, ) and furthermore
from the upper semi-continuity of u, that

(145) D*2U(x) = uyx) for —0 < x < 0.
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Next, we obtain from (138"), from the hypothesis of (138), and from Lemma 10
that

(145" F(x) is in L* on every compact subset of (a, b)
and furthermore from the fact that F(x) is either finite or — oo that
(146) ux(x) < D*2F(x) fora<x<b

and furthermore from (ii) and (v) of Theorem 1 that
h
(147)  lim sup [(2/:)-1 f F(x+) dy—F(x)] /h >0 fora<x<b
- -h

Consequently, we conclude from (141), (145), (146), and (ii) of Theorem 1 that
(148) D*?[F(x)—U/x)] = ux(x)—usx) = 0 for x in (a, b)— E(a, b).

Since

h-0

lim [2—1h f fh Uy(x+y) dy— U,(x)] / k=0,

it follows from (147) that

h
tim sup {(2h)-1 f | PG+ = U )] dy— [P - U,(x)l} [nzo
149
(149 for x in E(a, b).

We conclude from (145’), (148), and (149), the fact that F(x)— U,(x) is upper semi-
continuous in (a, b) and from Lemma 5 that

(150) F(x)— U«x) is convex in (a, b) forj=1,2,....

But from (143), (144), and (iv) of Theorem 1, we obtain that U,(x) — U(x) as
j— 0. Also, (150) tells us that F(x) is finite-valued and continuous in (a, b).
Since the limit of a decreasing sequence of convex functions is either convex or
identically —oo, we conclude from (150) that

(151) F(x)— U(x) is convex in (a, b).

Observing that all the conditions in the hypothesis of Lemma 13 are met, we
apply this lemma and obtain that

(152) dF(x)/dx = F'(x) is continuous for a < x < b,
and that

(153) D_F'(x) £ ux(x) = D"F'(x) fora < x < b.
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With U’(x) =dU(x)/dx = [§ us(y) dy, it follows from well-known facts concerning
convex functions and from (151) and (152) that

(154) F'(x)— U'(x) is nondecreasing fora < x <b
and that

F'(x) is of bounded variation on each compact

(155 subinterval of the open interval (a, b).

Next, we use the other half of the Vitali-Carathéodory theorem for the function
ux(x) and obtain a nonincreasing sequence of functions {v,(x)};%, with the following
properties:

(156) v/(x) is lower semi-continuous on (—co, ©);
(157) each v,(x) is bounded below on (—co, ©0);
(158) Ui(%) 2 v;41(%) = us(x) for —o0 < x < o0;
(159) ,13.12 v,(x) = ux(x) almost everywhere;

if S is a compact subset of (—o0, o), v,(x) is in L! on S and

(160)
tim [ o) dx = fs () dx.

Jowo
Setting V,(x)={3 [} v{z) dz, we obtain from (160)

(161) Vi) = avieolx = [ o) a,

and from (156) that

(162) D_V/x) 2 v(x) for —0 < x < .

But then it follows from (153), (158), (162), and (ii) of Theorem 1 that

(163) D_[F'(x)—V/(x)] = D_F'(x)—D_V/(x) £0 for x in (a, b)— E(a, b).

Now from (152) and (161), we have that F'(x)— V;(x) is continuous for a<x<b
and from (155) and (161) that F’'(x)— V/(x) is of bounded variation on each com-
pact subinterval of the open interval (a, b). We conclude from (163) and from
[7, Lemma 8.19, p. 359] that

(164) F'(x)— V/(x) is nonincreasing fora<x<bandj=1,2,....
Observing from (160) and (161) that
lim V09 = [ w) = U,
we obtain from (164) that

(165) F’(x)— U'(x) is nonincreasing fora < x < b.



1966] UNIQUENESS OF SOLUTIONS OF THE HEAT EQUATION 357
We conclude from (154) and (165) that

F'(x)—U'(x) is constant fora < x < b,
and consequently that
F(x)— U(x) is linear  fora < x < b.

We have therefore established (138).
We next establish the following fact:

if F(x) is continuous in the finite open interval (a, b),

(166) then F(x) is continuous in the closed interval [a, b].

Using (138) and the fact that U(x) is continuous on (—o0, o), it follows that both

167 F(a+) and F(b-) exist and are finite where
lim F(x) = F(a+) and liT F(x) = F(b-).
x=a+ xX—=b-

We shall establish (166) by showing that
(168) F(a) = F(a+).

A similar proof will prevail to show that F(b)=F(b—).
With ¢, as in (131), i.e., 0< ¢, <min [c, (48) '] and such that the conclusion of
Lemma 11 holds for ¢,, we choose 7, such that 0 <7, <¢, and set

ts x
169)  G(x, 1) = — f Fulx, 5) dx+ f Fy,t)dy for0<t<t,
t 1]

Then G(x, t) satisfies the conditions in the hypothesis of Lemma 12; so that in
particular we have from (133) and Lemma 12 that

there exists a function G(x) such that

(i) G(x) is continuous on (—o0, 00);

(i) lim;.o G(x, t) = G(x) uniformly on compact subsets of (—o0, c0);
(iii) G(x) is smooth on (—o0, c0);

@iv) D_G(x) = F(x) £ D-G(x) for —0 < x < c0.

(170)

Now, it follows from the fact that F(x, t) satisfies the heat equation for 0<t<t,
and from (169) that

Gu(x,t) = F(x, t) forO0<t<t,.

Consequently, for a<a’<b’'<b

”
(171) G, 1)~ G, t) = f F(x,t)dx, 0<t<t,.
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By (ii) of (170), G(¥', t) — G(b') and G(a’, t) — G(a’) as t — 0. By the hypoth-
esis in (166) and by (35) in Lemma 10, F(x, t) — F(x) uniformly a’Sx<b’. We
conclude from (171) that

(172) G(b')—G(@) = J b F(x) dx.

But then using this fact, (167), and (ii) of (170), we conclude on letting a’ — a in
(172) that

(173) G(b')—Gla) = J " Fx)dx, a<b <b.

Using (167) once again and (173), we see that
(174) hlirgl [G(a+h)—-G(a)l/h = F(a+).
-0+
By (iii) of (170), G(x) is smooth at a. But then from (174) and the definition of

smoothness given in (83), it follows that the derivative of G(x) exists at a and is
equal to F(a+). But then,

D_G(a) = D~G(a) = F(a+),
and we conclude from (iv) of (170) that
F(a) = F(a+).

(168) is therefore established, and the proof to (166) is complete.
Next, let R>0. To establish (134) and consequently Theorem 1, it is sufficient
to show

(175) F(x)— U(x) is linear in the open interval (— R, R).
By (138), (175) will be established if we can show

(176) F(x) is upper semi-continuous for —-R < x < R.
We now establish (176). Let Z be defined by

177) Z = {x; —R < x < R, F is not upper semi-continuous at x}.

We propose to show that Z is the empty set. To do this, with ¢, defined as in
(131), we choose a strictly decreasing sequence {¢}};2, tending to zero, i.e.,

t1=t]’_k>t2*>--->tj*>..._>0’
such that
(178)  |u(x, )—u(x,2})| <1  fort}, <t <t¥ and |x| 2R

Next, we observe that if — R<a<b< R, there exists a constant M and an open
interval (a’, b") with a<a’ <b’ <b such that

(179) ux,t¥)2 M fora <x<b and j=12,....



1966] UNIQUENESS OF SOLUTIONS OF THE HEAT EQUATION 359

This fact follows from (ii) of Theorem 1 and from [3, Lemma 4, p. 645]. But
then it follows from (178) and (179) that

(180) u(x,t) 2 M—1 fora’ < x<b and 0<1t <1

From (131), we obtain that F(x, ¢t)=u(x, t) for 0 <t<t,, and consequently from
(180) that for each x in (@', b"),

(181) F(x, t)—(M —1)t is a nondecreasing function of ¢ for0 <t <t

But for each ¢, F(x, t)—(M—1)t is a continuous function of x. Furthermore,
from (133), lim;.., F(x, t)— (M —1)t=F(x). We conclude from (181) that

F(x) is upper semi-continuous fora’ < x < ¥,

and consequently that
(182) Z is nowhere dense in (— R, R),

where Z is defined in (177).
We next show that

(183) Z has no isolated points.

Suppose that z, is an isolated point of Z. Then there exists an A>0 such that
— R<zy—h<zy+h<R and such that F(x) is upper semi-continuous in each of the
open intervals (zo— A, z,) and (2o, zo+Hh). But then by (138), F(x)— U(x) is linear
in each of these open intervals. Since U(x) is continuous on (—o0, o), we conclude
that F(x) is continuous in each of the open intervals (zo—#h, z,) and (zo, zo+h).
But then by (166), F(x) is continuous in each of the closed intervals [z,—h, o]
and [z,, zo+Ah]. Therefore F(x) is continuous in the closed interval [zo—h, zo+h].
So in particular, F(x) is continuous at z,. Therefore, z, is not in Z, and we have a
contradiction. We conclude that (183) is valid.

Let Z designate the closure of Z. Then it follows from (182) and (183) that Z
is either the empty set or a nonempty nowhere dense perfect set contained in the
closed interval [— R, R].

We now propose to show that

(184) Z is not a nonempty nowhere dense perfect set.

For suppose that the contrary were true. Then by (ii) of Theorem 1 [3, Lemma
4, p. 645] and (178) it follows that there is an open interval (a, b) with —R<a<b<R
such that

(185) Z{(a, b) is nonempty
and a constant M such that

(186) uiz,t)2 M forzinZ(@a,b) and 0 <t < t,.
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But then from (131) and (186), we obtain that F,(z, t)= M for z in Z(a, b) and
0<t<t,. Consequently for each z in Z(a, b), F(z, t)— Mt is a nondecreasing function
for 0<t<t,. Also, for each ¢ in the open interval (0, ¢,), F(z, t)— Mt is a con-
tinuous function on the set Z(a, b). Furthermore, from (133), we have that
lim,o F(z, t)— Mt=F(z). We conclude that

(187) F is an upper semi-continuous function on the set Z(a, b).

We now use (187) to show that Z(a, b) is the empty set, thus obtaining a contra-
diction to (185), and therefore establishing (184).

To show that Z(a, b) is the empty set, we need only show that Z(a, b) is the empty
set. To show this fact, we need only show that if z, € Z(a, b), then F(x) is upper
semi-continuous at z,.

We shall show that F(x) is upper semi-continuous from the right at z,. A similar
proof will prevail to show that F(x) is upper semi-continuous from the left at z,.

Observing once again that U(x) defined in (iv) of Theorem 1 is continuous on
(—o0, ), to show that F(x) is upper semi-continuous from the right at z,, it is
sufficient to show that F(x)— U(x) is upper semi-continuous from the right at z,.
We establish this fact by showing the following:

Let N> F(zo)— U(z,). Then there exists an A, >0 such that

(188) F(x)—U(x) < N forz, < x < zo+h,.

Since we are assuming that Z is a nonempty nowhere dense perfect set, one of
two situations prevail. Either z, is a left-hand endpoint of an open interval con-
tiguous to Z or z, is the limit from the right of a sequence of points from Z. If
the former situation holds then by (138) and (166) there exist 4, >0 such that
F(x)— U(x) is linear in the closed interval [z,, zo+ k], and (188) follows immediately.
Consequently, we need only establish (188) in the latter case, i.e., z, is the limit
from the right of a sequence of points from Z.

Now in this latter case, it follows from (187) and the fact that F(z,)— U(zo) <N
that there exists z, in Z(a, b) such that

(189) F@)-Uiz)< N forzy<z=<z and zinZ.

Set ho=2z,—2z,. Then if x, is in the open interval (zo, zo+5o) and x, is in Z,
(188) is established. Suppose then that x, is in (zo, Zo+#o) but that x, is not in Z.
Then x, is in some open interval contiguous to Z of the form (z,, z;) with z, and
23 in Z and zo <z, <z3=<z,. By (138) and (166), F(x)— U(x) is linear in the closed
interval [z,, z3]. Consequently,

(190) F(xo)— U(xo) = max [F(zz)— U(za), F(z3)— U(zs)),

and we conclude from (189) and (190) that F(x,)— U(x,) < N.
But then (188) is established. Consequently, F(x) is upper semi-continuous in
the open interval (g, b), and we have obtained a contradiction to (185). We con-
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clude that (184) holds, and therefore that Z defined in (177) is the empty set.
Therefore, (176) holds, and F(x)— U(x) is linear in the open interval (— R, R). But
this fact establishes (134), and the proof to Theorem 1 is complete.
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